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We describe ac electro-osmotic flow of an aqueous electrolyte on application of a traveling-wave electric
field. Depending on the frequency of the applied traveling wave, the interaction of the electric double layer
charge and the tangential electric field leads to fluid flow in the direction of the traveling wave. We have
derived two theoretical models that describe this flow as a function of the amplitude of the applied electric
potential, the signal frequency, and the material properties of the system. The first is based on a capacitative
model and is limited to frequencies much lower than the double layer relaxation frequency. The second is an
analytical solution of the electrokinetic equations and is also valid at higher frequencies. We provide experi-
mental evidence that streaming takes place on application of a traveling wave of potential by tracing the
movements of fluorescent latex beads over a spiral electrode structure. Streaming takes place at applied
potentials low enough for the method to be easily integrated into lab-on-a-chip devices.
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I. INTRODUCTION

Lab-on-a-chip systems require controllable pumps ca-
pable of pumping small volumes that can be integrated into
microsystems. Many of the pumps used in microsystems re-
quire the use of moving parts[1]. There is widespread inter-
est in the use of electro-osmotic flow as a noncontact pump-
ing technique using dc electric fields in lab-on-a-chip
systems[2–5]. A drawback of dc electro-osmotic flow is that
it requires the application of relatively high potentials. Low-
potential techniques that can be operated using battery power
will enable the integration of electro-osmosis into lab-on-a-
chip devices to be optimized, making the systems cheaper
and more portable[6,7]. The emergence of microfluidic de-
vices has driven research into electro-osmotic streaming ef-
fects over charge-modulated surfaces[8–10,13,11,12] and
mixing of fluids flowing over grooved surfaces[14,15].

The arrangement of colloids on application of alternating
electric fields has recently been observed[16,17]. Subse-
quently, experimental studies were made of circulatory flow
patterns in aqueous electrolytes over microelectrodes on ap-
plication of alternating electric fields[12,18–21]. Various
models [12,16,21,22] explained this as a form of electro-
osmotic flow which became known as alternating current
(ac) electro-osmosis. Ajdari suggested using asymmetric
electrode structures to drive unidirectional ac electro-osmotic
flow [23] and working systems have been implemented
[24–27]. Most of these studies have dealt with the
frequency-dependent impedance at frequencies much lower
than the double layer relaxation frequency and the flow was
explained by a combination of equilibrium double layer
theory and the Smoluchowski equation[18,21,23,25].
Gonzálezet al. [22] also dealt with the relaxation of the
double layer at frequencies of the order of the double layer

relaxation frequency by solving the electrokinetic equations
using a matched asymptotic expansion method.

Some work has been carried out in the field of electrical
engineering to describe electrohydrodynamic pumping of in-
sulating liquids, such as Freon, transformer oil, and corn oil,
over traveling-wave electrodes[28–30] on application of ac
electric fields at frequencies in the range of the double layer
relaxation frequency. Ehrlich and Melcher[28] modeled a
type of electro-osmotic streaming in the electric double layer
due to traveling-wave excitation for bipolar charge carriers
subject to generation and recombination by examining the
electrokinetic equations and obtaining both analytical solu-
tions, for certain limiting cases, and a more generally appli-
cable computational solution. They describe a type of
streaming caused by the interaction of the electric field with
the net charge associated with the electric double layer at a
solid-liquid interface as the applied traveling wave ap-
proaches the double layer relaxation frequency of the liquid
medium.

Another type of electrohydrodynamic pumping at fre-
quencies in the range of the double-layer relaxation fre-
quency has been reported for the case of the interaction of a
traveling-wave electric field and an imposed thermal gradient
in a fluid. The coupling of this thermal gradient to the tem-
perature dependence of conductivity and dielectric constant
leads to local field inhomogeneities that are strong enough to
generate deviations from electroneutrality within the bulk of
the fluid and leads to convective flow. This phenomenon was
first described for insulating fluids[31–33] and later ex-
tended to aqueous electrolytes[34–37]. In aqueous electro-
lytes, the imposed traveling-wave electric field near the elec-
trodes leads to a local temperature rise so that it is no longer
necessary to externally impose a thermal gradient. The fluid
flow took place in a direction opposite to that of the
traveling-wave electric field, although Fuhret al. [35] and
Gimsaet al. [36] observed another type of fluid flow taking
place in the direction of the traveling-wave electric field. No
detailed study of this second phenomenon was performed,
which both groups explained by means of reference to Ehr-
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lich and Melcher[28]. It is likely that the second phenom-
enon was a form of ac electro-osmosis.

In Sec. II we describe the fabrication of a spiral electrode
structure by electron beam lithography with submicron elec-
trode linewidths and gaps and other preparations for the per-
formance of our experiments. In Sec. III we report experi-
mental results of the traveling-wave-induced motion of
fluorescent latex beads above the spiral electrode structure.
The short wavelength of the traveling-wave electrode struc-
ture, 6mm, enables fluid streaming to take place on applying
signals with relatively low amplitudes, below 500 mV. In
Sec. IV A we derive the electro-osmotic slip velocity by
means of a capacitative model of the equilibrium double
layer. This model is limited to frequencies lower than the
double layer relaxation frequency. In Sec. IV B we derive a
model by solving the electrokinetic equations that is valid for
frequencies of the order of the double layer relaxation fre-
quency. This model reduces to the model described in Sec.
IV A at lower frequencies. Section IV C describes the con-
ditions at which the linearized theory used in Secs. IV A and
IV B is valid. In Sec. IV D we show how both models give
the same results at frequencies much lower than the double
layer relaxation frequency and relate the experimental results
to the second model. A discussion, Sec. V, concludes the
paper.

II. MATERIALS AND METHODS

The spiral structures, see Figs. 1(a) and 1(b), were
150 mm in diameter and consisted of four electrodes. The
electrode lines were 750 nm wide and separated by 750-nm
gaps. The wavelengthl of the traveling wave structure was
6 mm. A spiral configuration was chosen for the convenience
of fabricating a traveling-wave electrode structure that does
not require complicated interconnections. For ease of bond-
ing, the four connecting lines(40 mm wide and 4 mm long)
were placed symmetrically around the spirals with
100-mm-by-200-mm bonding pads at the outer end. The spi-
ral electrode design was exposed in a 150-nm-thick layer of
poly(methyl methacrylate) (PMMA) on a silicon substrate
coated with a 120-nm layer of silicon dioxide using a LEICA
LION LV1 e-beam writer. This machine is equipped with
continuous path control that allows structuring of large areas
without stitching errors. Lines of various widths can be
added using a defocused exposure[38]. The exposed areas
were then transferred into metal using the following lift-off
procedure; a 10-nm titanium/70-nm aluminum layer was de-
posited by evaporation. The thin layer of titanium provided
good adhesion of the aluminum to the silicon substrate. Un-
wanted aluminum deposited on the PMMA was removed in
acetone using ultrasonic agitation. The structures were
coated with a 50-nm-thick protective insulating layer of
hexafluoropropene(HFP), a Teflon-like fluorocarbon, by
plasma-enhanced chemical vapor deposition[39]. Bonding
wires were used to connect each of the four electrodes to a
printed circuit board. The printed circuit board was con-
nected by means of coaxial cables to a four-phase voltage
supply.

A purpose-built four-phase voltage supply was developed
to generate square-wave-form traveling-wave signals in the

range between 10 kHz and 5 MHz. Four-phase square-wave
traveling-wave signals were applied to the four electrodes so
that there was a 90° phase difference between the signals
applied to each electrode. Figure 1(c) shows the form of
these square waves. Developing a square-wave signal gen-
erator requires much less expense than developing a four-
phase sine-wave signal generator and also has the advantage
of operating across a relatively wide bandwidth. The ampli-
tude of the applied signal was measured using a Kikusui
COR5521U 40-MHz digital oscilloscope.

FIG. 1. (a) Schematic drawing of the spiral electrode structure,
four electrodes are arranged in a spiral structure and numbered 1–4.
(b) Scanning electron microscope image of the center of the spiral
electrode structure.(c) Square-wave traveling-wave signals 1–4 that
are applied to electrodes 1–4 as shown in(a).
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Three KCl solutions in the concentration range between
2310−4 and 10−3 M were prepared and the conductivity of
each was measured to be 2.00, 4.19 and 8.36 mS/m respec-
tively, using a Knick 911 Conductivity Meter with a ZU
6985 four-electrode cell(Knick GmbH, Berlin, Germany).
200-nm-diameter Fluoresbrite carboxylate latex beads(Poly-
sciences, Warrington, PA, USA) with yellow green fluores-
cence were suspended in the aqueous KCl solutions at a con-
centration of 0.0013% v/v.

A microscope cover slip was placed over the spiral using
double-sided-adhesive tape of 100-mm thickness as a spacer.
After introducing the latex bead suspension into this cavity,
bead movement was observed and images acquired by fluo-
rescent light microscopy using a Nikon Eclipse 800 micro-
scope and a Cohu charge-coupled device(CCD) camera.
Digital movies of the latex bead movement were made after
focusing a 403 objective with 0.75 numerical aperture onto
the electrode surface, thus only beads within the depth of
field, less than 1mm, could be observed. The spatial extent
of the recorded frames stretched laterally from one side of
the spiral to the other but the vertical extent was restricted in
order to allow a higher frame rate to be recorded. Measure-
ments of the velocity of several beads were made for each
frequency and excitation potential, and the average velocity
and standard deviation were calculated. The velocity was
estimated by measuring the distance traveled by a bead as
tracked from the digital movie and dividing by the time sepa-
rating these digital movie frames.

III. EXPERIMENTAL RESULTS

Movement of fluorescent latex beads was observed on
application of a traveling wave of potential to the spiral elec-
trode structure at frequencies of the order of the double layer
relaxation frequency of the prepared electrolytic solutions.
On applying a traveling-wave signal in the direction of the
center of the spiral, the beads moved towards the center of
the spiral. On reversing the direction of travel of the
traveling-wave signal, the beads reversed direction and
moved from the center towards the edge of the spiral. Thus it
is clear that the traveling wave of potential was responsible
for the movement of the latex beads. Motion of the beads
was observed within a couple of microns of the surface of
the chip.

Experiments were carried out to evaluate the dependence
of the velocity of the fluorescent latex beads on the signal
frequency and applied potential. The velocity was measured
for various signal frequencies at different applied potentials
for each of the three electrolytic solutions. Figure 2 shows
three graphs, one for each of the three electrolytic solutions,
that respectively show three curves for the velocity plotted
against frequency at different applied potentials.

The general behavior consistently shows that at low and
high frequencies the velocity tends to zero while the peak
velocity occurs at a frequency that is a little less than half the
double layer relaxation frequency. The double layer relax-
ation time t is related to the time required for the electric
double layer to respond to a dynamic electric field and is
given by t=«2/s, where«2 is the dielectric constant of the

electrolyte ands is the electrolyte conductivity. The lower
conductivity electrolytes have higher velocities and the fre-
quency of maximum velocity is lower for the same applied
potential. For each electrolytic solution, the frequency of
maximum velocity appears to be independent of the applied
potential.

Measurement of the dependence of the velocity of the
fluorescent latex beads on applied potential was made by first
ascertaining the frequency of the peak velocity and then
making a set of movies at this frequency for various applied
potentials. Figure 3 shows the dependence of the velocity on
applied potential for a solution with conductivity of
4.19 mS/m at 300 kHz. The velocity is plotted against the
square of the potential applied to the electrodes and fitted to

FIG. 2. Experimentally measured values of the velocity of the
fluorescent latex beads plotted against frequency at different applied
potentials, as denoted on each graph. Figures(a), (b), and (c)
present results obtained using aqueous electrolytes with the respec-
tive medium conductivities: 2.00, 4.19, and 8.36 mS/m. The fitted
curves are to aid the eye.
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a straight line through the origin. Figure 3 shows clearly that
the velocity is directly proportional to the square of the ap-
plied potential. On increasing the applied potential above
500 mV, the latex beads were attracted to the electrode struc-
ture by positive dielectrophoresis[40] so that it was not pos-
sible to study streaming at higher potentials.

IV. THEORETICAL MODELS

Electro-osmosis is an electrokinetic phenomenon, in
which ions in solution migrate in the presence of an electric
field, causing a body force on the liquid that results in fluid
flow. Net flow requires charge separation; that is, that the
local net charge density is nonzero. The formation of the
electric double layer results in such charge separation at a
charged interface and applying an electric field in a direction
tangential to the interface causes electro-osmotic flow
[41–43].

Figure 4 shows a simplified explanation of how traveling
waves cause directed electro-osmotic flow for a traveling
wave traveling from left to right. The magnitude of electro-
osmotic flow is determined by the interaction of the electric
double layer charge with the electric field, more specifically,
the electric field tangential to the interface. In the case of
these models, the magnitude and phase of these two quanti-
ties is dependent on the frequency of the applied traveling
wave. The frequency-dependent phase difference between
the signal applied to the electrodes and the resultant electric
field in the electrolyte is more complex than shown here but
to understand the phenomenon it is more important to note
the phase difference between the electric double layer and
the tangential electric field. Figure 4(a) shows the situation at
very low frequencies, the double layer charge and tangential
electric field are 90° out of phase and no directed flow can
take place. Also the tangential component of the electric field
is attenuated considerably by the formation of the double
layer. As the frequency of the applied traveling wave electric
field approaches a certain characteristic frequencyvc, as
shown in Fig. 4(b), the phase difference between the electric
double layer and the tangential electric field decreases so that

a time-averaged flow in the same direction as the traveling
wave takes place, the tangential electric field increases in
strength and the electric double layer charge density may
decrease. The tangential component of the electric field over
electrodes 1 and 2 points towards the right-hand side and the
positive ions surrounding these electrodes migrate from left
to right. Analogously, the tangential component of the elec-
tric field over electrodes 3 and 4 points towards the left-hand
side and the negative ions surrounding these electrodes also
migrate from left to right. Hence a time-averaged flow takes
place in the same direction over all electrodes with a velocity
that depends on the phase difference between the tangential
electric field and the double layer charge density as well as
the absolute value of these two quantities. The directionality
of the flow may be controlled externally by changing the
direction of travel of the traveling-wave electric field.

The potential distribution is determined by capacitances
of the system:(i) the insulating layer capacitance,(ii ) the
Stern layer capacitance, and(iii ) the capacitance of the elec-
tric double layer. We choose to neglect the Stern layer ca-
pacitance but it could be easily included. We will show how
the capacitance of an insulating layer affects the frequency at
which electro-osmotic takes place.

Figure 5 shows the important interfaces for our model.
The interface between the substrate and the insulation layer,
denoted bya, is in the plane of the electrode structure that
provides electrical excitation to our system. The interface
between the insulation layer and the electrolyte is denoted by
b. The c plane is where the electric double layer can be

FIG. 3. Experimentally measured values of the velocity of the
fluorescent latex beads plotted against the square of applied poten-
tial with a medium conductivity of 4.19 mS/ms1/k=18.1 nmd and
at an applied frequency of 300 kHz. A linear fit was applied show-
ing the proportionality of velocity to the square of the applied po-
tential, ucau2.

FIG. 4. Diagram explaining the mechanism of electro-osmotic
flow due to the application of a traveling wave that travels from left
to right. A plus / minus sign on an electrode signifies that a positive
/ negative potential is instantaneously applied to the electrode. A
plus /minus sign above the insulating layer signifies that the electric
double layer(EDL) has a surplus of positive / negative ions. These
illustrations show uniform field lines although the field lines will be
quite nonuniform in practice. The density of the field lines indicates
the strength of the field.(a) No time-averaged electro-osmotic flow
takes place at frequencies much lower than the characteristic fre-
quencyvc. (b) At frequencies of the order ofvc, the interaction
between the surface charge density associated with the electric
double layer and the tangential electric field causes nonzero time-
averaged fluid flow.
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considered to end and the fluid bulk begins, that is, where the
volume charge density is zero and the field in the fluid obeys
the Laplace equation. The subscriptsa, b, andc will be used
throughout the paper to denote a variable evaluated in thea,
b, and c planes, respectively. Thex and y directions are,
respectively, normal and parallel to these planes. We choose
x to be zero in theb plane. The insulation of the electrodes
serves to prevent Faradaic current, although, this analysis
would also be applicable to perfectly polarizable electrodes.

We presume that the electrical potential at the dielectric
interface and throughout the electrolyte takes the form of a
sinusoidal wave traveling in they direction:

csx,y,td = Rehĉsxdexpfisvt − kyydgj, s1d

whereĉ is the complex amplitude of the potential,i denotes
Î−1, v is the angular frequency of the applied traveling
wave of potential,t is time, andky is the propagation con-
stant of the traveling wave, that is,ky=2p /l, wherel is the
wavelength of the traveling wave as shown in Fig. 4(b). The
diacritical mark “ˆ” signifies a complex quantity. We assume
that the first harmonic of the Fourier series describing the
square wave predominates.

The double layer relaxation frequency is the frequency for
which vt=1. It will prove useful to state the approximate
width of the electric double layer, the inverse Debye length,
in terms of the diffusion coefficientD andt :

k2 <
1

tD
. s2d

A. Low-frequency model

We will first derive an expression for the electro-osmotic
slip velocity in a fashion similar to Ajdari[23]. The follow-
ing assumptions are made:(i) the frequency is much lower
than the double layer relaxation frequency,vt!1 so that the
electric double layer is fully equilibrated,(ii ) the Debye
length is much smaller than the electrode dimensions,ky
!k, as we shall presume throughout this paper and as ap-
plies to our experimental conditions, and(iii ) the wavelength

of the electrode structure is much longer than the insulating
layer thickness,kytins!1, so the insulating layer can be
viewed as “thin” allowing it to be approximated as a capaci-
tor in series with the double layer.

The system can be described by two capacitors in series,
the capacitance per unit area of the insulating layerCins
=«1/ tins and the capacitance per unit area of the electric
double layerCedl=«2k. This presumes that the potential drop
across the double layer is less thankT/ze, so that we can
presume a linear relationship between the capacitance of the
double layer and the inverse Debye lengthk, wherez is the
ion valence,e is the electron charge,k is Boltzmann’s con-
stant,T is the absolute temperature. The sum of these capaci-
tances is given byCsum=«2k / s1+dd whered= tins«2k /«1.

Ohm’s law describes ion transport in the bulk solution.
Thus in thec plane, Ohm’s law applied in the direction nor-
mal to the surface gives

n ·J = − sU ] c

] x
U

c

= Csum
] sca − ccd

] t
, s3d

wheren is a unit vector normal to the surface.
The potential in the bulk fluid and in thec plane obeys the

Laplace equation,¹2c=0, so that from the form of the trav-
eling wave and if the potential decays to zero very far away
from the surface, it can be shown that]c /]xuc=−kycc. By
separation of variables it can be shown that

ĉc =
ĉa

1 − isvc/vd
, s4d

where the characteristic frequencyvc is given by

vc =
sky

Csum
=

kys1 + dd
kt

. s5d

The Smoluchowski equation[44] forms the basis of much
work in electrokinetics and describes how the formation of
the electric double layer gives rise to a surface charge density
sD, which interacts with the tangential electric fieldEt to
cause an electro-osmotic flow with slip velocityvslip:

vslip =
sDEt

kh
, s6d

where the surface charge density is given by

sd = Csumscc − cad s7d

and the tangential electric field follows from the definition of
the traveling wave,

Et = Rehikyĉcsxdexpfisvt − kyydgj. s8d

The Smoluchowski equation is valid if the potential drop
across the double layer is less thankT/ze.

The time average of the product of two complex quanti-
ties is equal to half of the product of one of the quantities and
the complex conjugate of the other. The time-averaged slip
velocity kvslipl is given by

FIG. 5. Thea plane is the plane between the insulating layer and
the substrate where the electroodes are located. Theb plane is the
plane between the insulating layer and the fluid. Thec plane is
where the electric double layer can be considered to end and the
fluid bulk begins. Thex/y directions are defined as normal
/tangential to the interface, respectively. The dashed line shows the
extent of the electric double layer. The origin is in theb plane so
that x=0 at the interface between the insulating layer and the elec-
trolyte. D is a distance normal to the surface of the dielectric layer
at which the charge separation due to the electric double layer be-
comes negligible.tins is the thickness of the insulating layer.
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kvslipl =
«2uĉau2vt

2hkU 1

k
+

ivt

ky
+

tins«2

«1
U2 . s9d

For Eq. (9) to be valid vc must be much less than the
double layer relaxation frequency. Otherwise the assump-
tions of the model are not fulfilled because the double layer
is no longer in quasiequilibrium. The characteristic fre-
quencyvc is the same as in Ajdari’s model[23]. In principle,
the ac electro-osmotic phenomenon is identical to that de-
scribed by Ajdari, we describe a traveling wave here and
Ajdari described a standing wave.

B. High-frequency model

We have chosen to develop a model that will be able to
describe the effect of double layer relaxation on ac electro-
osmotic flow because for input data pertaining to our experi-
mentvc is greater than the double layer relaxation frequency
because of our use of a insulation layer and the relatively
short wavelength of the electrode structures6 mmd. Although
the insulation layer thicknesss50 nmd is not much greater
than the Debye lengths12.8–26.3 nmd, the dielectric con-
stant is 40 times smaller than that of water so thatd is much
greater than 1s80–120d so thatvc exceeds the double layer
relaxation frequency.

1. Basic model and governing equations

The electrokinetic equations are a set of partial differen-
tial equations that relate electrical potential, ion densities,
and fluid velocities in an electrolyte[22,28,41,45,46]. We
shall presume that the fluid viscosity, dielectric constant, and
diffusion coefficient take the same value in the electric
double layer as in the bulk fluid. We presume that the dielec-
tric surface is intrinsically uncharged so that the formation of
the electric double layer is a direct result of applying the
traveling-wave signal. We shall limit our analysis to low po-
tentials, as we shall discuss in more detail below. The varia-
tion of ion density and potential in a conducting fluid at a
dielectric interface on application of low amplitude ac poten-
tials has previously been dealt with in the literature[47,48].

The ion conservation equation relates the rate of change
of the number of ions per unit volume to the net rate at which
ions enter that volume:

] nj

] t
= − = · f j , s10d

wherenj is the number of ions of typej per unit volume, and
f j is the flux density. The flux density describes the number
of ions that pass through a surface of a volume element per
second and consists of terms related to diffusion, conduction
and convection, respectively:

f j = − DjS=nj +
zjenj

kT
= cD + njv, s11d

whereDj is the diffusion coefficient of ions of typej , zj is
the valence of ions of typej , v is the fluid velocity. The

electric Reynolds numberRel [49] is the ratio of the charac-
teristic times for electric double layer relaxationt and for ion
transport due to convection 1/skyvyd:

Rel = kyvyt, s12d

wherevy is the fluid velocity in they direction. For the fluid
velocity observed experimentally and the double layer relax-
ation times corresponding to the electrolytic solutions used
in our experiments, the electric Reynolds number is much
less than 1. Hence the double layer forms much more quickly
than the convection can transport ions between neighboring
electrodes, allowing us to neglect the charge convection term
njv from Eq. (11).

Poisson’s equation relates electrical potential to the local
charge density in the region of the electric double layer:

¹2c = − o
j=1

N
zjenj

«2
, s13d

whereN is the number of ion types present in the electrolyte.
If the local charge density is zero, Poisson’s equation reduces
to Laplace’s equation:

¹2c = 0. s14d

For an incompressible fluid of uniform mass density and
viscosity, fluid flow is governed by the incompressible
Navier-Stokes equations:

= ·v = 0 and s15d

r f
] v

] t
= h¹2v − = p − o

j=1

N

zjenj = c, s16d

wherer f is the fluid density,h is the fluid viscosity, andp is
the pressure. If the Reynolds number of the flow is much less
than 1, the inertial term of Eq.(16) may be considered neg-
ligible.

The analysis of electro-osmosis combined with nonuni-
form surface charge has previously been examined for col-
loids [50] and for planar surfaces[3,8,9,11,12,51]. If the sur-
face charge varies over a distance that is much greater than
the double layer, it is usual to decouple the problem into two
problems:(i) inside the double layer the pressure gradient
can be considered negligible so that the electro-osmotic slip
velocity is given by the Smoluchowski equation and(ii ) out-
side the double layer the charge density is negligible so that
the fluid dynamic problem can be solved using the electro-
osmotic slip velocity as a boundary condition[52]. Our case
is slightly different to these cases because the surface poten-
tial is a function of time and position at frequencies of the
order of the double layer relaxation frequency. We choose to
deal with this problem by following the example of Ander-
son [50] and considering flow in the direction normal to the
surface inside the double layer to be negligible so that the
vector components of Eq.(16) reduce to

]2vy

] x2 =
] p

] y
− «2¹

2c
] c

] y
and s17d
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] p

] x
= «2¹

2c
] c

] x
= «2S ]2c

] x2 − ky
2cD ] c

] x
. s18d

Equation(18) can be integrated directly to obtain an expres-
sion for the pressure that can be used to state]p/]y as

] p

] y
= «2

] c

]x

]2c

]x ]y
− «2ky

2c
] c

]y
. s19d

2. Frequency-dependent ionic concentration in the electric
double layer

In order to describe the local ion density, we choose to
split it into two components, the ion density in the bulk fluid
nj

` and a small sinusoidal disturbancednj:

njsx,y,td = nj
` + dnjsx,y,td, s20d

wherednj takes the form of the applied traveling wave,dnj
=Rehdn̂jsxdexpfisvt−kyydgj, dn̂j is the complex amplitude of
dnj, anddnj ,nj

`. From Eqs.(10), (11), and(20), we obtain
the following:

] dnj

] t
= DjS¹2dnj +

zje

kT
fsnj

` + dnjd¹2c + = dnj · = cgD .

s21d

Considering an electrolyte, with ion densities,n1 andn2,
and valences,z1 andz2, where the subscripts 1 and 2 repre-
sent cations and anions, respectively, we obtain the following
simultaneous equations:

Rehivdn̂1expfisvt − kyydgj = D1S¹2dn1 +
z1e

kT
fsn1

` + dn1d¹2c

+ = dn1 · = cgD and s22d

Rehivdn̂2expfisvt − kyydgj = D2S¹2dn2 +
z2e

kT
fsn2

` + dn2d¹2c

+ = dn2 · = cgD . s23d

By restricting ourselves to strong symmetrical electro-
lytes, we may relate the properties of ions of type 2 to those
of ions of type 1. The diffusion coefficient of each type of
ion is identical,D=D1=D2, this can be considered true for
KCl. The bulk concentration of both ions is the same:n`

=n2
`=n1

`. The anions and cations possess charge of equal
magnitude and opposite polarity, so that the valence is also
opposite and equal:z1=−z2. By introducing the following
two substitutions:

g =
dn1 − dn2

2
= Rehĝsxdexpfisvt − kyydgj and s24d

h =
dn1 + dn2

2
= Rehĥsxdexpfisvt − kyydgj, s25d

and by subtracting Eq.(23) from Eq. (22), we reduce these
simultaneous equations to one differential equation:

Rehivĝ expfisvt − kyydgj = DS¹2g +
z1e

kT
fsn` + hd¹2c

+ = h · = cgD . s26d

At low applied potentials,dn1 anddn2 have equal ampli-
tudes and are 180° out of phase with each other, this requires
thatg,n`, which restricts us to applying low potential as we
shall discuss later. It also means thath may be considered
negligible throughout the electrical double layer and the bulk
fluid. In addition, by inserting Poisson’s equation, Eq.(13),
into Eq. (26) it can be shown that

ivĝ = Ds¹2ĝ − k2ĝd, s27d

where the inverse Debye lengthk [53,54] is described by

k2 =
2z2e2n`

«2kT
. s28d

Separation of variables further simplifies Eq.(27):

k2s1 + ivtdĝ = ¹2ĝ = S ]2ĝ

] x2 − ky
2ĝD , s29d

where the second term on the right-hand side is the second
derivative ofg with respect toy. Further separation of vari-
ables gives

ĝ =
1

k2S1 +
ky

2

k2 + ivtD
]2ĝ

] x2 . s30d

If k y!k, then the following simplification is valid:

ĝ <
1

k2s1 + ivtd
]2ĝ

] x2 . s31d

The following boundary conditions can be used to solve
the differential equation given by Eq.(31):

gux→` = 0, s32d

U ] g

] x
U

x→`

= 0, and s33d

U ] g

] x
U

b

= ReH−
z1en`

kT
U ] ĉ

] x
U

b

expfisvt − kyydgJ . s34d

Equations(32) and (33) follow from the electroneutrality
of the bulk solution. Equation(34) follows from the imper-
viousness of the dielectric surface to ions and results from
applying the following to Eq.(11):

n · f jub = 0. s35d

Using the boundary conditions given by Eqs.(32)–(34), the
solution to Eq.(31) is

ĝ =
z1en`exps− kxÎ1 + ivtd

kTkÎ1 + ivt
U ] ĉ

] x
U

b

. s36d
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3. Frequency-dependent potential distribution in the electrolyte

It will prove useful to stateg in terms ofcb by finding a

relation betweencb and]ĉ /]xub. We can do this by examin-
ing Poisson’s equation, Eq.(13):

¹2c =
]2c

] x2 +
]2c

] y2 = −
2z1e

«
g. s37d

As the frequency increases, Eq.(37) reduces to Laplace’s
equation, Eq.(14). Melcher[55] describes a method to solve
frequency-dependent equations of this sort that are required
to simultaneously satisfy both Poisson’s and Laplace’s equa-
tions, by considering the potential to be the sum of a particu-
lar solution,w, that satisfies Poisson’s equation and a homo-
geneous solution,f, that satisfies Laplace’s equation:

csx,y,td = wsx,y,td + fsx,y,td. s38d

By solving Laplace’s equation with the boundary condi-
tion that f̂b is the complex amplitude of the potential in the
b plane and the potential decays to zero at infinity,f can be
shown to be of the form

fsx,y,td = Rehf̂b expfisvt − kyyd − kyxgj. s39d

It is a reasonable assumption that the exponential decay of
w takes the same form as the exponential decay ofg so that
w is given by Eq.(36):

wsx,y,td = Rehŵb expfisvt − kyyd − kxÎ1 + ivtgj, s40d

whereŵb is the complex amplitude ofw in the b plane.

Using Eqs.(36)–(40) it is elementary to stateĉ in terms

of ĉb:

ĉ = ĉb

exps− kxÎ1 + ivtd

kÎ1 + ivt
+

ivt exps− kyxd
ky

1

kÎ1 + ivt
+

ivt

ky

, s41d

and]ĉ /]xub in terms ofĉb,

U ] ĉ

] x
U

b

= − ĉb
1 + ivt

1

kÎ1 + ivt
+

ivt

ky

. s42d

Also, ĝ takes the form

ĝ = −
n`ĉb

k

z1e

kT

Î1 + ivt exps− kxÎ1 + ivtd
1

kÎ1 + ivt
+

ivt

ky

. s43d

4. Boundary condition between insulating layer and
electrolyte

We can relateĉb to the potential applied to the electrodes,

ĉa, by considering the boundary conditions at the interface
between the insulating layer and the electrolyte. From
Gauss’s law it can be shown that theD field above and below

the interface, denoted byD+ andD−, respectively, are equal
if there are no real charges on the interface[47,48]:

0 = n · sD− − D+d = n · s«1E− − «2E+d, s44d

where«1 is the dielectric constant of the insulating layer and
E=−=c. If kytins!1, wheretins is the thickness of the insu-
lating layer, then the component of the electric field in thex
direction is constant throughout the insulating layer and is
equal to the potential difference across the layer divided by
tins. From Eq.(42) and the continuity ofcb across the inter-
face, Eq.(44) reduces to

«2s1 + ivtdĉb

1

kÎ1 + ivt
+

ivt

ky

=
«1sĉa − ĉbd

tins
. s45d

By separation of variables, we can relateĉb to ĉa:

ĉb = ĉa

1

kÎ1 + ivt
+

ivt

ky

1

kÎ1 + ivt
+

ivt

ky
+

tins«2

«1
s1 + ivtd

. s46d

This enables us to restate Eqs.(41) and (43) in terms of

ĉa:

ĉ = ĉa

exps− kxÎ1 + ivtd

kÎ1 + ivt
+

ivt exps− kyxd
ky

1

kÎ1 + ivt
+

ivt

ky
+

tins«2

«1
s1 + ivtd

and

s47d

ĝ = − ĉa

n`

k

z1e

kT
Î1 + ivt exps− kxÎ1 + ivtd

1

kÎ1 + ivt
+

ivt

ky
+

tins«2

«1
s1 + ivtd

. s48d

For this analysis to be valid the following condition must
be fulfilled: g,n`. As g approaches values close ton`, this
model can no longer be considered valid, as the assumptions
inherent in our model will lead to error. At high electrical
potentials, this analytical solution is invalid, as the concen-
tration of ions in the electric double layer will be disturbed in
a more complicated manner than discussed here.

5. Electro-osmotic slip velocity

We can evaluate the slip velocity by integrating Eq.(17)
twice with respect tox. The boundary conditions for this
integral are the no slip boundary condition, that the fluid
velocity at the dielectric surface is constrained to be zero,
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and that the fluid velocity at a distance many times the De-
bye length from the dielectric surface reaches a constant slip
velocity vslip, so thatvslip is given by

vslip =
2z1e

h
E
0

D

E
x

D

S ] p

] y
− g

] c

] y
Ddxdx, s49d

where D is a distance normal to the dielectric interface at
which the charge separation due to the electric double layer
becomes negligible and at which the fluid velocity isvslip.
Thus by inserting the first derivative of Eq.(1) with regard to
y and Eqs.(47) and (48) into Eq. (49) and allowingD to
approach infinity(so that we include all the charge contained
in the electric double layer) and performing the double inte-
gration we can show that the time-averaged slip velocity
kvslipl is given by

kvslipl =

«2uĉau2vt

2hk

1

RehÎ1 + ivtj

U 1

kÎ1 + ivt
+

ivt

ky
+

tins«2

«1
s1 + ivtdU2 , s50d

where a complex quantity surrounded by straight brackets
denotes the absolute value of the complex quantity and we
have neglected some terms that are insignificant because ky
!k and the time average of]p/]y is zero. For traveling
wave potentials, the time average of Eq.(19) is zero and it
does not affect the time-averaged electro-osmotic slip veloc-
ity.

Equation (50) can be shown to be compatible with an
equation derived for similar conditions by Ehrlich and

Melcher[28] by replacingĉa with ]ĉ /]xub by means of Eqs.
(42) and (46). Equation(50) has the advantage that the slip
velocity can be related much more easily to experimental
results because it is more practical to hold the excitation
voltage applied to the electrodes constant. This equation
shows that the slip velocity tends to zero at frequencies much
higher or lower than the double layer relaxation frequency as
was shown by our experiments. The frequency dependence
of slip velocity is more complicated than that derived by
Ehrlich and Melcher[28], being dependent on the Debye
length, propagation constant, thickness of the insulating
layer, and the dielectric constant of the insulating layer and
fluid, in addition to the relaxation time and frequency. The
electro-osmotic slip velocity is proportional to the square of
the excitation potential as shown experimentally in Fig. 3.
The slip velocity is proportional to the Debye length, this
means the slip velocity is inversely proportional to the square
root of the concentration of the electrolyte.

In Fig. 6, three graphs are plotted that show how this type
of streaming can be optimized. Figure 6(a) shows how the
frequency of maximum slip velocity shifts to higher frequen-
cies as the wavelength of the traveling-wave electrode array
decreases. Figure 6(b) shows how the frequency of maxi-
mum slip velocity shifts very slightly to lower frequencies as
the factor tins«2/«1 decreases. These graphs show that the
miniaturization of the dimensions of the setup is the most

important factor enabling this form of electro-osmotic flow
to take place over the traveling-wave spiral. The slip velocity
increases as dimensions associated with the experimental
setup, the wavelength of the traveling-wave electrode struc-
ture, and the thickness of the insulating layer, decrease. If the
dimensions are too large, the streaming will be of too low
velocity for the force on the latex beads to overcome Brown-
ian motion, at least within the terms of validity of our model.
The term relating to the thickness of the insulating layer is
coupled to the ratio of the dielectric constant of the medium
to that of the insulating layer itself. Thus thin layers of high
dielectric constant material are the best material choice to
optimize this type of electro-osmotic transport if it is neces-
sary to use an insulating layer.

C. Linearity conditions

In addition to the condition thatky!k there are two other
significant linearity conditions for these theoretical models:
the surface potential conditionskT/zed and the surface con-

FIG. 6. Frequency dependence of electro-osmotic slip velocity
as given by Eq.(50) using the following data:h=10−3 Ns/m2, «1

=2.0«0, «2=80«0, and ucau=250 mV. (a) Slip velocity increases as
the wavelength of the traveling wave decreases whentins«2/«1

=2 mm andk−1=25 mm. (b) Slip velocity increases as the factor
tins«2/«1 decreases whenl=6 mm andk−1=25 mm. (c) Slip veloc-
ity increases as the Debye length increases whenl=6 mm and
tins«2/«1=2 mm.
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ductivity condition(the Dukhin number). The surface poten-
tial can be divided into two components: the electrokinetic
potential of the insulator surfacez and the potential due to
the ac excitation.

1. Electrokinetic potential

The electrokinetic potential is the equilibrium potential at
the shear plane of the surface in the absence of a potential
applied to the electrodes. For our experimental conditions,
the electrokinetic potential of the HFP surface can be esti-
mated from data describing Teflon surfaces from Kirby and
Hasselbrink[56], that is, between −50 and −70 mV. This
means that in our experiments the application of the traveling
wave signal acts to perturb the equilibrium electric double
layer while in our model the traveling wave is solely respon-
sible for double layer formation. Nevertheless, the electroki-
netic equations are not generally tractable analytically and
the assumption of low potential makes an analytical solution
possible and the treatment illustrates many of important fac-
tors that affect the phenomenon. Furthermore the time aver-
age of the product of the constant part of the double layer
charge with the tangential field(alternating) is zero. The
presence of this equilibrium electrokinetic potential probably
acts to attenuate the electro-osmotic velocity.

2. Applied potential

In most colloid and interface science textbooks, it is stated
that the Debye-Hückel approximation is limited to electroki-
netic potentials less thankT/ze [41,43] or approximately
25 mV for univalent ions. Although counterintuitive, apply-
ing potentials of the order of 500 mV does not necessarily
invalidate the linearity condition if the electrodes are insu-
lated. ThekT/ze limit is due to the linearization of the com-
plete Poisson-Boltzmann equation. At higher potentials, the
nonlinear complete solution to the Poisson-Boltzmann equa-
tion is valid.

At very low frequency, e.g.,v=0, Eq. (41) agrees with
the solution of the linearized Poisson-Boltzmann equation,
that c=cbexps−kxd which is a direct consequence of our
simplification of the perturbation to the ion densities to sinu-
soidal form. In moving from Eq.(26) to Eq. (27), we state
that the substitute variableh is negligible if g,n`. In effect
this condition is the origin of thekT/ze limit, if the pertur-
bation to the concentration of positive and negative ions in
the double layer is equal and opposite, linearization is valid.
Only the component of the potential that is linearly related to
the electric double layer charge is of significance, this is the
potential drop across the double layer.

To understand how the applied potentials do not invali-
date the linearity condition, it helps to recall how the poten-
tial is divided into two components in Eq.(38). Equation
(41) can be split into these two components:

wsx,y,td = Re5 ĉa
expfisvt − kyyd − kxÎ1 + ivtg

kÎ1 + ivt

1

kÎ1 + ivt
+

ivt

ky
+

tins«2

«1
s1 + ivtd6 and

s51d

fsx,y,td = Re5 ĉa
ivt expfisvt − kyyd − kyxg

ky

1

kÎ1 + ivt
+

ivt

ky
+

tins«2

«1
s1 + ivtd6 . s52d

The first componentw satisfies Poisson’s equation and
can be related to the charge density in the double layer and
its amplitude reduces with increasing frequency. The second
componentf satisfies Laplace’s equation and its amplitude
increases from zero at low frequencies to a value much
greater thanw at even relatively low frequencies. Ifky!k, f
can be considered constant across the double layer so that
uwbu corresponds to the potential dropped across the double
layer. Figure 7 shows howuwbu decreases with increasing
frequency and is always less than 10 mV for our experimen-
tal conditions.

3. Surface conductivity

The electrical conductivity is directly related to the ionic
concentration. The formation of the double layer can result in
a local perturbation to the ionic concentration so that the
conductivity in the region of the electric double layer differs
from that of the bulk fluid. This deviation is referred to as
surface conductivity[43,57,58]. Surface conductivity is in-
versely proportional to a characteristic length of the system,
for example, the radius of a capillary in capillary electro-
osmosis. For our electrode structure, the inverse ofky serves
as the characteristic length.

The Dukhin numberDu is the ratio of surface conductiv-
ity to bulk conductivity and is given by

Du <
ky

k
FcoshSVze

2kT
D − 1G , s53d

whereV is the potential drop across the double layer. Surface
conductivity effects will invalidate both of the models de-
scribed above if the Dukhin number is not much less than
one. Bazantet al. show how exceeding a limit similar toDu
leads to strongly nonlinear behavior, that is, to bulk concen-
tration gradients and, at very high voltages, transient space
charge[59].

The Dukhin number is much less than 1 for our experi-
mental conditions. For surface conductivity to influence ac

FIG. 7. Data generated using Eq.(51) showing the potential
drop across the electric double layer due to the applied potential for
the Debye lengths of the three solutions used in our experiments
using: h=10−3 Ns/m2, «1=2.0«0, «2=80«0, l=6 mm, ucau
=500 mV.

CAHILL et al. PHYSICAL REVIEW E 70, 036305(2004)

036305-10



electro-osmotic flow, one might expect the frequency of
maximum slip velocity to be greater than that predicted by
the models, in much the same way as surface conductivity
affects dielectrophoresis[60].

D. Discussion

Equations(9) and (50) have a similar form and exhibit

primary dependence on the term«2uĉau2vt / s2hkd. The dif-
ference between the two expressions is that Eq.(50) contains
the term 1+ivt three times. Two of these cases account for
the relaxation of the double layer and the third is significant
because the capacitance of the insulating layer does not relax
at high frequencies.

Figure 8 shows how the two models converge when the
wavelength of the structure is long. Equation(5) shows that
vc is inversely proportional to wavelength, so that longer
wavelengths lead tovc values that are much less than the
double layer relaxation frequency. Figure 9 shows how the
two models converge as the dielectric constant of the insula-
tion layer increases, this is equivalent to increasing the ca-
pacitance of the insulating layer so that the capacitance of the
double layer predominates, so thatd,1. It is also possible to

decrease the thickness of the insulating layer to similar ef-
fect. The two models converge whenvct!1, wherevc is
given by Eq.(5), because the extra terms included in Eq.
(50) disappear. If the conditionvct!1 is not fulfilled, the
first model becomes invalid and it is more correct to use the
second model. The relaxation frequency of the second model
never exceeds the double layer relaxation frequency.

Equations(9) and (50) predict fluid flow in the same di-
rection as was observed experimentally. This rules out the
possibility that the fluid flow is caused by traveling-wave
induced electroconvection[34–37]. Traveling-wave dielec-
trophoresis[40] would cause bead motion in the same direc-
tion but this possibility may be discounted because a dielec-
trophoretic relaxation was observed for frequencies of the
order of 5 MHz for the prepared latex bead dispersions, that
is, for frequencies lower than 5 MHz beads were attracted to
the electrodes and at higher frequencies they were repelled
from the electrodes. This is consistent with the work of
Hugheset al. [60] who observed a dielectrophoretic relax-
ation at similar frequencies for carboxylate latex beads in
aqueous electrolytes of the same conductivity range.
Traveling-wave dielectrophoresis takes place at frequencies
in the range of a dielectrophoretic relaxation[40].

FIG. 8. Frequency dependence of the two models for the
electro-osmotic slip velocity as given by Eqs.(9) and(50) using the
following data: h=10−3 Ns/m2, «1=2.0«0, «2=80«0, ucau
=250 mV, tins«2/«1=2mm, andk−1=25 nm.(a), (b), and(c) show
how the two models converge as the wavelength increases from 6 to
60 mm and 600mm, respectively.

FIG. 9. Frequency dependence of the two models for the
electro-osmotic slip velocity as given by Eqs.(9) and(50) using the
following data:h=10−3 Ns/m2, l=6 mm, «2=80«0, ucau=250 mV,
tins«2/«1=2mm, andk−1=25 nm.(a), (b), and(c) show how the two
models converge as«1 increases from 2.0«0 to 15«0 and 80«0,
respectively.
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We only compare the experimental results with the second
model, asvc is greater than the double layer relaxation fre-
quency. This is because of(i) the small width of electron-
beam-microfabricated electrodes, and(ii ) the factor d is
much greater than one because the thickness of the insulating
layer is of the same order of the Debye length while its
dielectric constant is much lower than that of water. Figure
10(a) shows the experimental data for the observed velocity
of the fluorescent latex beads for each of the three electro-
lytic solutions for an applied potential of 450 mV amplitude
as a function of frequency. These data were previously pre-
sented in Fig. 2. This shows how for the identical applied
potential and increasing electrolyte conductivity the velocity
decreases and the frequency of peak velocity shifts to higher
frequencies.

There are some significant differences between theory and
experiment. The experimentally observed velocity is signifi-
cantly less than the predicted value. The decrease of velocity
with increasing electrolyte conductivity is not as predicted
by Eq. (50) although it does decrease with increasing con-
ductivity. We concur with the observation of Brownet al.
[24] that the observed velocity is a function of the life of the
electrode structure. Gonzálezet al. [22] also noted that the

velocity predicted by theory was higher than that measured
experimentally. The deviations observed in our experiments
are probably due to the equilibrium electrokinetic potential
of the surface being not only nonzero but greater thankT/ze
so that the linearization is not fulfilled. In Sec. IV C, we note
how the electrokinetic potential in the absence of an applied
potential dominates the formation of the double layer at all
frequencies and that the applied potential merely acts to per-
turb the electrokinetic potential. It is likely that the depen-
dence of velocity on conductivity is linked to the dependence
of the electrokinetic potential on conductivity in a way that is
not taken into account by Eq.(50).

Figure 10(b) makes use of the same data as Fig. 10(a) but
the velocity is normalized to the peak value for each curve
and the angular frequencyv is normalized by multiplication
with the double layer relaxation timet. The data are fitted to
Eq. (50), the normalization of both frequency and velocity
leads to a curve that is largely independent of medium con-
ductivity, if ky!k. It is clear that while the theory does not
perfectly model our results that the form of the predicted
curve is similar to the experimental results and that the fre-
quency of the peak velocity is lower than but of the same
order as that predicted. It is also clear that while there is
some scatter in the frequency of peak velocity and that the
conductivity range examined is not very large that the varia-
tion of the frequency of peak velocity with electrolyte con-
ductivity is roughly that predicted by Eq.(50).

Figure 2 shows how the frequency of peak velocity is
independent of applied potential; at least for the low applied
potentials used in this study and presumed by our model.
Equation(50) relates the slip velocity to the Debye length
and consequently to the inverse of the square root of conduc-
tivity. Figure 3 shows that the experimentally observed ve-
locity confirms the prediction of Eq.(50) that the electro-
osmotic slip velocity is proportional to the square of the
applied potential. That we have observed this proportionality
can be used to support the validity of the model on the basis
of the low potentials applied to the electrodes.

It must be noted that the experimental setup implemented
is more complicated than the theoretical model used to de-
scribe the system but that it is a suitable prototype to dem-
onstrate the principle of traveling-wave induced electro-
osmotic flow. First, we chose to conduct our experiments
using a spiral electrode structure and then chose to simulate
a linear electrode structure. This point is mitigated by the
fact that all of the relevant dimensions, for example of the
radius of curvature of the spiral structure are much larger
than the Debye length, so that on the scale of the Debye
length the radius of curvature of the spiral appears to be flat.
Second, we presume an idealized traveling wave that is a
pure sinusoid both in the plane of the electrodes and in the
plane of the interface between the insulating layer and the
fluid. In practice, the application of a four-phase square wave
signal to an electrode structure leads to a distorted traveling
wave that is neither spatially or temporally identical to the
ideal traveling wave. Also, the electrodes are not infinitely
thin, they are 80 nm thick, indeed they are thicker than both
the insulating layer s50 nmd and the Debye length
s,27 nmd. This thickness could act to attenuate the flow by
acting as a surface roughness, surface roughness acts to re-

FIG. 10. (a) Experimentally measured values of the velocity of
the fluorescent latex beads plotted against frequency at an applied
potential of 450 mV at three different medium conductivities:
2.0 mS/ms.d, 4.19 mS/msjd, and 8.36 mS/ms•d, that is, Debye
lengths of 26.3, 18.1, and 12.8 nm, respectively. The dotted line is
fitted to the experimental data. The behavior predicted Eq.(50) is
shown by the continuous lines. The square wave of 450-mV ampli-
tude is represented by the first harmonic of the Fourier series.(b)
The same data normalized to the peak value measured and plotted
against the radial frequency multiplied by the double layer relax-
ation time. The line fitted to the experimental data points is from
Eq. (50).
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duce the velocity of electrokinetic flows[61]. Furthermore,
field enhancement occurs at the edge of an electrode that
may lead to further distortion of the traveling-wave signal.
Third, we trace the movement of latex beads in order to
ascertain the fluid velocity, the electric field is distorted by
the presence of the beads and the beads themselves may be
affected by dielectrophoresis[40]. At higher applied poten-
tials the beads are attracted towards the electrodes by posi-
tive dielectrophoresis and their transport by fluid motion
ceases. Finally, we simplify the nature of the dielectric inter-
face by neglecting the influence of the Stern layer and the
zeta potential of the surface[56]. In this case, the Stern layer
capacitance is in series with the capacitance of the insulating
layer and should be negligible but we estimate that the elec-
trokinetic potential of the Teflon-like surface is around twice
kT/ze. The theoretical approach presented in this paper is
simplified to an extent but captures the qualitative trends of
the experimental results and is sufficient to explain the core
concepts at the heart of the phenomenon.

Equation(50) proves useful in describing the important
factors on which this form of electro-osmosis depends and in
demonstrating that fluid flow of this kind can take place for
low applied potentials and the experimental results show that
many of the most important factors, such as, the frequency
profile of slip velocity, the frequency of maximum velocity
and the proportionality of the velocity to the square of the
applied potential agree well with Eq.(50). It offers insight
into how electro-osmotic flow can be optimized.

V. CONCLUDING REMARKS

In this paper, we have shown that electro-osmotic stream-
ing of electrolytes with conductivity in the range of
2–8 mS/m can be driven by applying traveling-wave sig-
nals. Two theoretical models were derived which describe
such electro-osmotic flow as a function of the amplitude of
the applied electrical potential, the signal frequency, and the
material properties of the system. The direction of streaming,
the relationship of applied potential to velocity, and the fre-
quency of maximum velocity with varying medium conduc-
tivity frequency agree well with that predicted by Eq.(50).

In common with other forms of electro-osmotic flow, this
method has a pronounced advantage over pressure-driven
flows because it continues to pump effectively as the dimen-

sion of the channel is reduced. For pressure-driven flows, the
pressure gradient must increase as the square of the inverse
of channel size to maintain a given fluid speed. In addition,
pressure-driven flows often require external equipment,
which is a major disadvantage for lab-on-chip applications.
The observed streaming is caused by a noncontact method
that requires no moving parts and can be controlled exter-
nally.

In common with the previously reported types of ac
electro-osmotic flow, the performance of the system im-
proves with miniaturization and the extension of the method
to electrolytes of higher concentrations should be possible.
Also the use of alternating signals and low potentials means
that the method does not suffer from negative effects, such as
bubble formation or excessive heating that afflict conven-
tional dc electro-osmosis. In comparison with previously re-
ported forms of ac electro-osmotic flow, translational flow
was achieved using traveling waves where changing the di-
rection of travel of the traveling wave reverses the direction
of streaming, thus allowing flexible external control. The use
of asymmetry suggested by Ajdari[23] does result in elec-
trode structures that are more practical to fabricate and use
but we believe that the principle of transferring the asymme-
try from the geometry of the electrodes to the application of
electrical signals can overcome this problem and that the
phase shift between the signals applied to the electrodes is a
form of asymmetry.

The amplitude of the applied signals is considerably lower
than that required by conventional direct current electro-
osmosis and because of the very thin electrodes used slightly
lower than the previously reported types of ac electro-
osmosis. This point is significant because the low amplitude
required by this method is highly compatible for use with
commercial batteries, considerably simplifying the integra-
tion of the method into low-cost lab-on-a-chip applications.
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